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Fig. 2 Mass spectrum of ammonium perchlorate, polystyrene,
propellant, and gas-gas reaction.

Results and Discussion
The mass spectra results are shown in Table 1. Although the

related analysis of the mass numbers and hence of the pro-
ducts is under investigation, the data in its present form as
shown in Table 1, clearly indicate that the propellant decom-
position products are different from those of the decom-
position products of their individual components. This can be
seen better in Fig. 2 where the actual mass spectrograms for
AP, PS, and the propellants are displayed.

This therefore suggests that the propellant decomposition is
a nonadditive phenomenon. The decomposition products in
experiments 1-3 are also different from the additive spectra of
the individual spectra of PS and AP. Thus, even a physical
mixture of AP and PS does not yield additive decomposition
products of its components. This rules out our suspicion that
the divergence of our data from that of Ref. 7 is due to the
method of preparation. Therefore, the difference may be due
to the lack of equilibrium in Ref. 7, which is probably due to
the method in which sample was decomposed in MS chamber.
A close inspection of our results at first glance suggests a
similarity in the mass-spectral data of propellant (4) and gas-
gas reaction (1) [see Fig. 2], which apparently supports the
conclusion of Ref. 7. All the experimental runs (1-4) leave
behind an yellow sublimate on the cooler part of the reaction
vessel where the gases interact. Although detailed analysis of
the products have not been yet completed, the preliminary
analysis suggests that the yellow deposit is an aromatic com-
pound containing chlorine. The presence of chlorine in yellow
sublimate explains the mass spectra of propellant (4) and gas-
gas reaction (1) in which chlorine peaks are absent. A point of
interest here is the fact that although at 400° C the yellow com-

pound is found as a sublimate, yet at 270° C on partial decom-
position the entire-nondecomposed residue is intensely
yellow-colored throughout the bulk of the solid residue, while
no yellow sublimate is formed. On allowing the decom-
position to go to completion at 270°C the yellow products,
distributed uniformly throughout the bulk of propellant
residue, sublimes on the cooler part of the vessel leaving
behind a brown residue. This therefore suggests that the
vellow compound is initiallv formed in the condensed phase

In conclusion, therefore, our results on the identification of
the yellow compound in the bulk of propellant suggests a con-
densed phase reaction and the mass spectral results suggest
that final products result from the interaction of the decom-
position products of PS and AP individually. Experiments
where AP and PS are allowed to decompose separately
followed by an interaction of the products in the gas-phase
compare favorably with the decomposition of the propellant
as a whole thereby suggesting that the interaction of the
product in the reaction vessel is similar to the interaction of
AP and PS decomposition products in the porous matrix of
the propellant. The occurrance of the reaction in the porous
"Condensed Phase" of the propellant may explain the larger
exothermicity of the propellant compared to the additive
heats of decomposition of its components.8
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at Concentric Circle
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Nomenclature
= outer radius of membrane
= Young's modulus
= load at circle
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/ . •= nondimensional load
h = thickness of membrane
p = surface pressure
r = radial coordinate
s = nondimensional meridional stress
t = nondimensional circumferential stress
w = radial displacement
w = axial displacement
e r, e t = radial and circumferential strain
v - Poisson's ratio
£ '• = nondimensional radial displacement
p = nondimensional radius
om,at = meridional and circumferential stress
<P = slope of membrane

T^HE elastic membrane is a model approximating some
JL real structures to a reasonable degree. A flat circular

membrane with a load perpendicular to its surface thus ap-
proximates a thin plate. If the stiffness of the plate is also
calculated by means of ordinary plate theory and the mem-
brane and plate stiffnesses are added, a quite satisfactory
solution is achieved. The membrane solution is straight-
forward for an evenly distributed load, as shown in textbooks
such as that by den Hartog.l

This Note is concerned with the case of a load concentrated
along a circle, concentric with the membrane. The corre-
sponding plate stiffness can be found in Roark.2 The present
membrane solution is not an explicit formula, and it seems
doubtful if one can be theoretically derived. Stress and defor-
mation in a nondimensional form are given at a range of
values for relevant parameters, however, and equations are
given that yield a close approximation for the range studied.

A membrane is incapable, by definition, of sustaining point
loads. The effect of a concentric line load at a circular mem-
brane may be found as follows. The vertical equilibrium at
any radius yields the equation

2-K r h amsm<p=F (1)

The equilibrium of the membrane further gives the general
equation

(am/Rm) + (at/R,) = ( p / h ) (2)

The radii are immediately apparent in Fig. 1

Rm = (l + <p2)3/2/(d<p/dr); /?,=r/sin<*

If the surface load/? = 0 and the slope <p, in relevant cases, is
small compared to unity, then Eq. (2) is transformed into

[ (a;/r)sin<p] =0 (2a)

wmax

With a radial displacement w, we can ascertain the radial and
tangential strains

(2b)

(3)

(4)

e(=(u/r)

and thus from Hooke's law

u=(r/E) (at-vam

(du/dr)+V2(dw/dr)2=(l/E)

Note that dw/dr = tan<p. The boundary condition at the rim is
conveniently expressed as w = 0 at r—a. At the load radius r}
radial equilibrium yields the boundary condition

The flat central part of the membrane is in a state of simple
constant tension or = ot = om n and thus from Hooke's law

The differential equations and boundary conditions can be
made nondimensional by the following substitutions:

«/r = £, r/a-p, r j / a - p j , F/2ir a E h=f,

om/E=s, o,/E = t

Note that

Thus we have

(du/dr)=p(d£/dp)+%

p s sin<p =/

s ( d<p/dp ) + (t/p) sin<? = 0

(5)

(6)

(7)

(8)

With boundary conditions

The following method of solution was employed. Take the
first derivative with respect to p of Eq. (5)

ps

giving

ds- —dp

d<p- —dp

d<p- —
dp

ds- —
dp

(5a)

Thus d(p/dp is eliminated between Eq. (6) and (5 a), giving

ds _ t cos<p—s
dp p

Now take the derivative of Eq. (7)

(9)

dt ds
Fig. 1 Sketch of membrane. (7a)
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Table 1 Nondimensional stress smax x 104 (at load)

p
/xlO6

1
2
5

10
20
50

100
200
500

0.9 0.8 0.7

0.5435 0.7170 0.8671
1.138
2.097

2,524 3.328 4.025
5.284
9.736
15.46
24.56
45.29

0.6

1.021
1,621
2.986
4.740
7.524
13.86
22.01
34.96
64.45

0.5

1.198

5.560

25.82

0.4

1.423
2.259
4.161
6.606
10.49
19.32
30.68
48.72
89.85

0.3

1.748

8.116

37.70

0.2

2.309
3.665
6.751
10.72
17.02
31.35
49.79
79.09
145.9

0.1

3.678

17.08

Table 2 Deformation under load ( w / a ) max x 102

P
/xlO6

1
2
5 .

10
20
50

100
200
500

0.9 0.8 0.7

0.1964 0.3207 0.4331
0.4040
0.5483

0.4230 -0.6908 0.9330
0.8702
1.181
1.487
1.873
2.539

0.6

0.5421
0.6830
0.9269
1.168
1.471
1.997
2.515
3.168
4.297

0.5

0.6519

1.404

3.025

0.4

0.7658
0.9649
1.310
1.650
2.079
2.821
3.554
4.477
6.073

0.3

0.8876

1.912

4.119

0.2

1.023
1.288
1.749
2.203

"2.776
3.767
4.745
5.978
8.111

0.1

1.183

2.549

.05-

.002-

.001-

.1 .5 f

Fig. 2 Maximum deflection vs location of loading circle.

.1 .5

Fig. 3 Maximum stress vs location of loading circle.

Equations (7, 7a, and 9) reduce Eq. (8) into

dt

= (s-t[l-v(l-cos<p)] -tan2<p/2)/p (10)

It is quite reasonable, for the range of values of interest, to
assume cosv?« 1, sin^>«<p and thus

ds _ t-s
dp ~ p

%- = (s-t-<p2/2)/p
dp

(9a)

(lOa)

Now, for a certain value of the nondimensional load/and its
radial location p /, a slope (p 0 at p = 1 is assumed.

Then, from Eq. (5) and (7) and the boundary condition at
p = 1, we have s and tatp = l:
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wmax

10,-6 10 10 • '
Fig. 4 Maximum deflection vs loading magnitude.
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Fig. 5 Maximum stress vs loading magnitude.

10"3 f

By means of Eqs. (9a) and (lOa), the nondimensional
stresses 5 and t are then determined for radial locations be-
tween p = 1 and p = p,, and at the latter location, the boundary
condition is checked. A corrected value of <p0 is then chosen
and the computation repeated until the correct boundary con-
dition is obtained. This calculation has been carried out for a
range of values of the parameters/and p;, employing a Kut-
ta-Merson procedure coded in APL, with a Burroughs com-
puter (Table 1).

The necessary condition of small slope does not occur at
small values of p;. This is equivalent to approaching a point
load which, as previously mentioned, cannot be carried by a
membrane. Thus no calculations have been carried out for p,
values below 0.1.

When 5- is determined, the slope <p is known from Eq. (5).
The vertical displacement under the load can then be
calculated by integrating the slope from the rim until the load
radius (Table 2).

Maximum stress and deformation of the range 10~6<5-
10~4 as thus calculated are shown in Figs. 2 and 3 by the
points. The curves show the equations

w IT IT
— =/1/3 -0.158 (cot —— p + 0.94 sin ——— p + 3.926)a 1.1 0.55

=/2/3-0.862 (1 + 0.8 cot
1.41

These equations, which were evaluated as approximations for
the result, thus appear to. give quite a close coincidence. It
should be noted that the proportionality to the powers 1A and

2/3 of/is in agreement with results for a distributed load.l As
shown in Figs. 4 and 5, which give the same data as Figs. 2
and 3, the equations can, of course, be displayed as straight
lines in a log-log diagram. The trigonometric functions, on
the other hand, are just a trial-and-error fit, but apparently a
successful one.
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Analytical Formulas for Conditions on
Blunt Wedges in Hypersonic Flow

W. L. Bade*
Avco Systems Division, Wilmington, Mass.

Introduction

C-IENG et al.l formulated an analytical theory of
he combined effects of bluntness and boundary-layer

displacement on the hypersonic flow over a wedge. Kemp2

modified this analysis to include the effects of nonzero (X — )
to first order. Roger and Aiello3 generalized the theory lo
the case of nonzero yaw angle. The fundamental relation in
the theory is the equation

(z (1)

in which z is a nondimensional variable proportional to the
shock ordinate, f a nondimensional distance from the leading
edge of the wedge, and F a constant parameter proportional
to the angle of attack.

The boundary condition on Eq. (1) is z = 0 at f=0. The
equation is singular at the origin. Sufficiently near the origin,
the square root term and the term containing T can be neglect-
ed, and the equation admits a power-law solution z=A f"
with 71 = 2/3, A = (9/2)l/3. The solution for larger J can be
generalized by numerical integration starting from a point on
this singular solution.

For zero angle of attack, Eq. (1) has the analytical solution
* = Z o ( X ) , ?= f (X) , where

z0(X)=2[1/3X5/2-!/2X4-X7/2-ln(/ + X / / 2 ) ] (2a)

76
~9~

in terms of a parameter X defined by

X-zdz/df

(2b)

(3)
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